
VOL. 25, NO. 4, JULY-AUGUST 1988 J. SPACECRAFT 271

Supersonic Aeroelastic Applications of Harmonic Potential
Panel Method to Oscillating Flexible Bodies

Pablo Garcia-Fogeda* and D. D. Liut
Arizona State University, Tempe, Arizona

For supersonic aeroelastic applications, the Harmonic Potential Panel (HPP) method for elastic bodies in
oscillatory motion is presented. For applicability in the full supersonic-flow regime, the HPP method has been
extended to include the mean-flow nonlinearity according to Van Dyke's nonlinear iterative scheme. In all
computed cases, improvements are found for the HPP nonlinear results over the HPP linear results. Effects of
frequency upon generalized forces for two different body shapes are investigated. Rigid body oscillation flutter
boundaries and free-free body bending aerodynamic damping coefficients are presented for various
configurations, including Hanson and Doggett's SA-1 launch vehicle model. Overall trends are established and
favorable comparisons obtained with measured data throughout the supersonic Mach number range.

Nomenclature
Cp = total pressure coefficient
Cpl = unsteady pressure coefficient
CPQ = mean-flow pressure coefficient
exy er, ee = body-fixed unit vectors
g(x) = normalized natural mode shape
MO, = freestream Mach number
t = time in a coordinate system moving relative to

freestream
x, r, 0 = cylindrical coordinates

amplitude of oscillation
dipole coordinate
time in a wind-fixed system
body thickness ratio
mean-flow perturbation potential
unsteady flow perturbation potential

I. Introduction

R ENEWED interest in the slender-body aeroelasticity is
due to current designs of a new class of missiles and launch

vehicles. In particular, these bodies with long, slender configur-
ations are susceptible to a number of aeroelastic instabilities
during supersonic flights. For body-fin configurations, flutter
is likely to occur when the short-period rigid body-fin mode and
the body bending mode are properly phased.

To assess these aeroelastic instabilities one requires primarily
an accurate prediction method in computing the unsteady aero-
dynamics. To date, no work appears available in treatments of
oscillating flexible bodies at high speeds. Our objective is,
therefore, to address this problem area and to present the newly
developed Harmonic Potential Panel (HPP) method1 and its
computed instability boundaries in the supersonic regime.

Unlike the formulation for wings,2 the unsteady airloads are
influenced by the mean-flow through the boundary condition
and the unsteady pressures in the HPP formulation. Hence, in
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addition to the developed HPP method, a nonlinear mean-flow
model is formulated and incorporated into the HPP code for
flutter computations. The HPP method adopts the body-fixed
coordinate system and a line-doublet paneling scheme (see Fig.
1). It is completely general for any given pointed body, and its
oscillation frequency is valid in the full range. Conventional
panel methods require panels around the body surface in
several hundreds.3 By contrast, the present method typically
requires one-tenth of this amount. Furthermore, the panel
number is not significantly affected by the Mach number and
frequency variations.

To validate the HPP method, the computed results in various
limits are verified with various known supersonic theories.
Favorable comparisons with measured data are obtained for all
instability boundaries, including that of Hanson and Doggett's
Saturn SA-1 launch vehicle model.

II. Analysis
As shown in Fig. la, the body-fixed coordinate system

chosen requires that the x axis remain the axis of the body at
all times, whereby each right cross section is circular and
contains the r axis. Let 0 be the full velocity potential; the
perturbed solutions of small amplitude 6(r) are sought in the
following form:

= x + g'(x)d(T)r cos0

>1(jt,r) cos0 0)

The total velocity in this curvilinear coordinate system is
obtained

VO = [1 + </>0x - d(T)g"<t>0xr cos0

+ [00r + 6(r)0lr cos0 + g'd(T)

- 5(r) [g ' sin0 sm6]ee (2)

where V represents the gradient operator.
The partial derivative with respect to T as measured by an

observer moving with the harmonically oscillating body-axis
system (x, r, 0, t) is given by

Note that Eqs. (1-3) contain RevelFs equations4 for rigid-body
oscillations as a special case.
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Fig. la Wind-fixed and body-fixed coordinate systems.

Fig. Ib Panel arrangement for axisymmetric bodies.
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Fig. 2 Mean-flow pressures for a parabolic ogive at M«, - 3.0 and
angle of attack «0 = 0 deg.

The governing equations for the mean-flow potential and
unsteady-flow potential are, respectively,

<t>2
Qx

- 2//t

(4)

(5)

where G is the inhomogeneous term that can be found in Ref.
1; 7 is the specific heat ratio of the gas; and k is the reduced
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Fig. 3 Total pressure distributions of an ogive-cylinder boat-tail body
at A/oo = 3.0 and angle of attack «o = 3.2 deg.

frequency defined by A: = uL/U^, L is the characteristic body
length and co is the circular frequency.

Mean-Flow Solutions
According to Van Dyke,5 Eq. (4) can be solved by an iterative

procedure. Letting L ( - ) be the left-hand-side operator and
R ( - ) the right-hand-side operator, Eq. (4) can be simply
expressed as L(00) = 7?(00). The potential </>0 is the_ initial
solution obtained by solving the linearized equation L (</>0) = 0.
To solve for the first iteration solution 00, we make use of Van
Dyke's particular solution

where

(6)

This particular solution accounts for all second-order terms
in R((J>Q). Hence, </>0 can be expressed as

^o (7)

where xo satisfies L (XQ) = 0. In terms of paneling scheme, Xo is
determined by satisfying the tangency condition, i.e.,

(8)

where j and / denote the locations of the control point and the
sending point, respectively. In the subsequent development,
both the linear solution </>0 and the iterative nonlinear solution
00 are used to compute the stability and flutter boundaries, as
shown in Figs. 4, 7, and 8.

Harmonic Dipole Potential
Following the basic formulation of Garcia-Fogeda and Liu,1

there is obtained the integral solution of Eq. (5):

27T

• _d_
dxQ

(9)
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where

XQ — X — I", \ =
kMx and kM^

M = -

F(x — x0) is the strength of the dipole distribution along the
body axis, and 7[G] represents the inhomogeneous solution
that is set to zero here since we are seeking the solution of the
first-order equation for the crossflow.

Equation (9) is solved by discretizing the line-doublet ele-
ments along the body axis (i.e., £,- to £ / + 1) , whereas the
potential ̂  is evaluated at the discrete field points (xj9rj) along
the Mach wave emanating from £y-+ l (see Fig. Ib), i.e.,

—
OX0

(10)

The Harmonic-Gradient concept of Chen and Liu2 is adopted
to model the integrand of Eq. (10), i.e.,

- x0) (11)

where a/ and bf are complex constants, and the right-hand side
represents a linear-harmonic doublet gradient.

By applying the condition of the dipole strength continuously
between adjacent elements, b-t can be related to ai. The tangency
condition, in terms of matrix notation, then reads

where (Bj} is a column vector that depends on the given mode
shape g(x) and the mean-flow solution 00 (*, r), evaluated at
the control point xjt R(XJ), and [C///], and [J^7] are lower tri-
diagonal matrices for the velocity influence coefficients of the
oscillatory flow.

III. Results and Discussion
Nonlinear Results

Mean-flow pressures for a parabolic ogive are computed
based on the linear and nonlinear iterative methods according
to Eqs. (4-7). Figure 2 shows that the results of the present HPP
linear method and nonlinear method are in excellent agreement
with those obtained by USSAERO Code6 (linear) and by the
method of characteristics.7 Large discrepancy is found between
the linear and the nonlinear results. Next in Fig. 3, the nonlinear
iterative method is applied to an ogive-cylinder boat-tail body
at Mach number M^ = 3.0 and at angle of attack ce0 = 3.2 deg.
The present nonlinear results are in good agreement with those
of the parabolized Navier-Stokes (PNS) code and the Euler
code.8 Considerable deviation between the linear and the
nonlinear results can be seen at the apex of the windward side.

In the figures that follow, the legend "Present HPP"
represents the HPP linear results to distinguish them from the
"Present HPP nonlinear" results.

In Fig. 4, good agreement of HPP nonlinear results with
Brong's Euler unsteady result9 is obtained for the pitch-damp-
ing forces for a cone. The linear result is seen to deviate from
the nonlinear ones as the Mach number increases. The non-
linear effect is enhanced by either increasing the hypersonic
parameter M^TQ or decreasing the Mach number toward the
transonic range. Hence, the HPP method is improved by the
nonlinear scheme to handle problems in the low- or high-super-
sonic regime, provided that the effect of rotationality is negli-
gible. These improved results prompt further pursuit of the
nonlinear method for aeroelastic applications. As expected,
improved trends of the flutter boundaries are obtained when
the nonlinearity in the mean flow is included, as shown in Figs.
7 and 8. It is seen that the unsteady aerodynamics can be altered
substantially by the mean-flow influence through the tangency
condition and the pressure coefficient. Using computational
fluid dynamics (CFD) means to obtain mean-flow solutions,
such as using the Euler code or the PNS code, is generally ex-
pensive. As may be seen in Figs. 2 and 3, the present nonlinear
results achieve the same accuracy but maintain low cost in
computation. In this way, the HPP nonlinear method becomes
compatible as an efficient tool for aeroelastic applications.

Generalized Forces
The exact isentropic pressure coefficient is expanded to yield

the mean flow and the unsteady-flow pressure coefficients

Cp = Cp0 + Cpld0eikt costf (13)

where Cpl only represents the first harmonic component of the
total unsteady pressure, which can be expressed in terms of an
in-phase (real) and an out-of-phase (imaginary) part. Thus, the
generalized forces for a flexible body can be written

O -Qu~ ~ o

+ RR ' cos20 dB dx (14)

where g(7) is the 7th structure mode, c£? is the pressure due to
the 7th mode, and 5ref is the reference area of the body, usually
being the base area.

Let "1" denote the plunging mode and "2" the pitching
mode. The damping-in-pitch force and moment coefficients
can then be determined, respectively, from the generalized
forces in the following forms:

= -Im(Qu)/k

= -Im(Q22)/k

(15a)

(15b)
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Fig. 4 Damping-in-pitch normal force coefficients vs Mach number
for a cone and a parabolic ogive.
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Fig. 5 Modulus and argument of the generalized forces vs reduced frequency for a cone and parabolic ogive in pitching mode at Af* = 2.5.
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Fig. 6 Flutter boundaries for a 7.5 deg cone at Mx = 2.0 (data taken
from Ref. 13).

Effects of Frequency
As shown in Ref. 1, the HPP method in the low-frequency

limit and in the high-frequency limit has been verified with the
linearized characteristic method10 and the piston theory,11

respectively. Across the frequency range, the modulus and the
phase angle of the generalized forces Q22 for a cone and an ogive
in pitching oscillations are presented in Fig. 5. It should be
noted that the effects of body shape become apparent in the
high-frequency range. All results merge in the low-frequency
limit, as expected. Similar trends are found in the sonic-flow
studies by Landahl.12

Flutter Boundaries
In Fig. 6, the flutter boundaries for a 7.5 deg cone at M^ =

2.0 in pitching and plunging modes are presented. It is seen that
the slender-body theory results in the most conservative flutter
boundary. While various quasisteady methods fail to predict
the measured flutter speed,13 the present HPP method only
slightly underpredicts the flutter speed throughout the windoff
frequency range.

In Figs. 7 and 8, the present HPP (linear) and its nonlinear
methods are used to compute flutter boundaries for the same
cone at a windoff frequency ratio uh/ua= 1.8 for various
Mach numbers. It is seen that consistent improvement in trends
is obtained for the nonlinear results over the linear ones when
compared with measured data.13 However, the predicted
boundaries become less conservative in the order of slender
body, the HPP-linear and the HPP-nonlinear results. For the
flutter boundaries presented in Figs. 7 and 8, overall trends in
the predicted flutter speeds and frequencies are comparable to
those measured. Since the cone is slender (cone semi-angle =
7.5 deg), the predicted flutter speeds by the linear and nonlinear
methods merge in the low Mach number range. Similar trends
can be observed in the mean-flow pressure distributions.5 It
should be noted that when the body becomes thicker, the linear
and nonlinear results are expected to deviate from each other,
as confirmed by Van Dyke for the mean flow.

Elastic Bodies
In Figs. 9 and 10, the in-phase and the out-of-phase pressures

for two bodies oscillating in the free-free first and second
bending modes are presented. These bodies include a parabolic
ogive and a cone-cylinder of 10% thickness. At a given set of
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Fig. 7 Flutter speed boundaries vs Mach number for a 7.5 deg cone
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Fig. 8 Flutter frequency boundaries vs Mach number for a 7.5 deg
cone (data taken from Ref. 13).

Mach number and reduced frequency (Mw = 2.5 and k = 1.0),
it is observed that the second mode of oscillation results in
larger magnitude in the in-phase pressure, and that the out-of-
phase pressures resemble the mode shapes. The reason for this
can be simply analyzed from the slender-body limit. That is, the
out-of-phase pressure is proportional to the derivative of
R(x) • g(x) and R(x) vanishes at the apex, thus R '(x)g(x) be-
comes the dominant term. For the cone-cylinder, the pressure
jumps obviously result from the expansion waves generated at
the shoulder.

Next, the computed results of the HPP method for an elastic
cone-cylinder body oscillating in second bending mode are
compared with the aerodynamic damping data measured by
Hanson and Doggett.14 The aerodynamic damping derivative
is defined by

Q = 2*M br = -
Im(Qn)

•xk

where p is the mass ratio. Physically, it represents the ratio of
aerodynamic damping to the critical damping. The reduced
frequency of the second bending mode lies between 2.9 and 4.2
corresponding to the Mach-number range of M^ = 3.0 to 1.5
(Fig. 11). It is seen that present results establish close trends
with the measured data. By contrast, all quasisteady theories
yield inferior predictions. Because of an inconsistent formula-
tion, Bond and Packard's theory15 results in considerable
discrepancy, as may be seen in Fig. 11.

Saturn Launch Vehicle Model
Aeroelastic analyses of Hanson and Doggett's SA-1 launch

vehicle model are presented in Figs. 12 and 13. This model was
used by Hanson and Doggett to obtain aeroelastic measured
data for the Saturn SA-1 launch vehicle.16 Steady mean-flow
pressure, in-phase and out-of-phase pressures are computed for
the modeled vehicle in rigid mode in Fig. 12. The in-phase and
out-of-phase pressures practically follow the same trend as that
predicted by the slender-body theory. Clearly, the deviation
between the slender-body results and the present HPP results
are due to the Mach number and the thickness effects.

The measured mode shape16 is used as the input for com-
puting the aerodynamic damping coefficients. The aero-
dynamic damping coefficient is redefined here as Q =
— Im(Q33)/(Trkii), where "3" denotes the first bending mode
and 17 is a parameter involving the body shape and the mode
shape (77 = 1.763—see Ref. 16). The natural frequency for the
actual vehicle is 2.8 Hz; however, for the wind-tunnel model it
is 153 Hz. Correspondingly, the reduced frequency lies between
1.4 to 2.53 for Mach range between 3.0 to 1.2, respectively. It
should be noted that because of the substantial reduction in the
model size, the reduced frequency is of order unity. Hence, the
present case of study mandates a general solution, which can

-e -
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R(X) = . I ( 2 X - X 2 ) 0 < X <

CONE-CYLINDER

FIRST BENDING MODE SHAPE

Fig. 9 In-phase and out-of-phase pressure coefficients
for a cone-cylinder and a parabolic ogive in first-
bending mode at Moo = 2.5 and reduced frequency
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Fig. 10 In-phase and out-of-phase pressure coeffi-
cients for a cone-cylinder and a parabolic ogive in
second-bending mode at M00 = 2.5 and reduced fre-
quency k = 1.0.
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Fig. 11 Aerodynamic damping coefficients vs Mach number for a
cone-cylinder vibrating in second-bending mode (data taken from Ref.
14).

be provided by the HPP method, valid in the higher frequency
range. Again, good agreement is found between the present
results and the measured data. To model this complex con-
figuration, less than 100 panels were used in the prescribed
frequency range. Consequently, only 30 s CPU time in an IBM
3081 were needed for all data obtained in Figs. 12 and 13 for
a single Mach number. Further details of the computed results
related to those in Figs. 11, 12, and 13 can be found in Ref. 17.
In passing, we should remark that the present inviscid analysis
ignores the based flow and the separated flow altogether for all
configurations considered. Our objective here is, in fact, to
verify our computed results with Hanson and Doggett's mea-
surement in using their SA-1 Launch Vehicle model. This
model may be quite different in its configuration from that of
the realistic SA-1 launch vehicle, as pointed out by one of the
reviewers. Although no issues on separated flow were men-
tioned in Ref. 16, this reviewer cautioned that on all of the
regular Saturn SA-1 launch vehicles, the unsteady aerodynam-
ics were dominated by separated flow effects.18"21

IV. Concluding Remarks
For aeroelastic applications in the complete supersonic Mach

number range, the HPP method has been extended to include
the influence of the mean-flow nonlinearity. Conclusions can
be drawn in regard to three aspects: 1) nonlinear effects, 2)
computation efficiency and cost effectiveness, and 3) full-
frequency applicability.
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Fig. 12 Pressure coefficients for a Saturn SA-1 configuration at
Moo = 2.0, reduced frequency k = 1.8, and center of rotation at the
apex.
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Fig. 13 Comparison of computed and experimental aerodynamic
damping coefficients vs Mach number for a Saturn SA-1 configuration
vibrating in first-bending mode (data taken from Ref. 16).

First, computed steady pressures and stability derivatives
using the HPP nonlinear method compare favorably with the
results of other theories. The unsteady HPP-nonlinear results
show that the influence of the mean-flow nonlinearity is im-
portant. For a slender body, the nonlinear effect becomes more
apparent in the high Mach number range. All unsteady non-
linear results correlate better with measured data than those by
other methods. Consequently, predicted flutter boundaries are
less conservative than those based on the linear or slender-body
theories.

Second, the HPP program code is computationally efficient.
For example, it requires normally one-tenth of the number of
panels used by other surface panel methods. Less than 100
panels are used for a complex configuration such as Hanson
and Doggett's Saturn launch vehicle model. Furthermore, the
panel number is regulated and is not significantly affected by
the Mach number or frequency variations. To compute for each
flutter point, a typical case requires no more than three minutes
of CPU time in an IBM 3081. The HPP code is, therefore,
cost-effective for industrial applications.

Third, to perform flutter analysis for a large space rocket in
terms of a scaled model such as Hanson and Doggett's SA-1
launch vehicle, the required range of reduced frequency is by

no means small. Thus, accurate predictions can only result
from a valid full-frequency code such as the present HPP code.

Once developed, the present method for axisymmetric/
asymmetric bodies can be combined with the H-G method for
lifting surfaces2 to yield an engineering tool for aeroelastic
applications to wing-body configurations.
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